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Abstract

Consider an arbitrary parabola and a pdtz, y,) on the plane. Depending on
the position ofF, on the plane, one can draw exactly one, two or three normal lines
to the parabola fromP, (see [9]). Using the discriminant of a certain cubic
polynomial, we will obtain aecessary and sufficient condition on the coordinates of

F, for the above phenomenon to happen. This will lead to the observation that there
are only two pointsA an@® on the parabola with the property that exactly two
normal lines can be drawn from eithér Br to the parabola. Except Band ,
from any other point on the parabola, one can draw either exactly one or three
normal lines to the parabola. Therefore, in a certain sense, these 4oint8 and
serve as special cut-off points on the parabola. We will obtain a theorem to partly
reveal the special nature of the poidts &hd  We have used the computer algebra
systemMathematica to perform several calculations and also to test and form
several conjectures on these normal lines. For the uddatiiematica as a
conjecture forming tool, the reader can refer to [2], [3], [4], [5], [6], [7] or [8]. Our
conjectures lead to several more theorems. One of these theorems provides a
beautiful geometric construction of all the normal lines from any point on the plane
to an arbitrary parabola. We have also usetMathematica to write a program to
generate all the normal lines from a point in the plane to a parabola. Some good
references oMathematica are [10], [11] and [12].



1. Introduction

Consider an arbitrary parabola on the plane. One can take a coordinate system
OXY, so that the origi® is at the vertex of the parabola, an&the -axis is along
the axis of the parabola. With respect to this coordinate system, one can write the
equation of the parabola ag = 4ax for some nonzero real constant . Let
Py(zo,y,) be any point on the plane. We are interested in studying the normal lines
drawn fromF, to the parabola.

Figure 1. Normal line from a point to a parabola.

Suppose? is the foot of the normal drawn fréfn  to the parabola &nce is on

the parabolay” = 4ax , one can write the coordinate§ of (a#s2at) for some
real parametet. One can differentiate both sides of the equatientax with
respect tac to obtaiRyy =4a, Vyielding
’ 2a
y =— (1)
Y

The slope of the normal linB,Q is equal to negative reciprocal of the deriyative
evaluated af)(at?,2at). Hence equatidn  yields,

slope of Q= —¢ (2)
However,
— 2at
slope of BQ = 762 (3)
zg — at

By equating the equations (2) and (3), and after simplifying, one obtains
at’ +t(2a —xy) —yo =0 4)

The equation (4) is a cubic equationtin , and has in general three solutions, not
necessarily distinct. Its discriminant will exactly reveal the nature of the roots.
Recall that the discriminant of the cubic equatiga® + 3a,2> + 3asz+a3 = 0 iS



given by — 27(a2a3 — 6agaiazas + 4agas — 3ajas+4alaz) (see [1]). Hence, the
discriminantD of equation (4) is given by

D= —a |27ay; +4(2a — z)° (5)

The equation (4) has three distinct real roots, three real rootawitast two the
same, or one real root and two non real roots which are conjugates, according as the
discriminantD is positive, zero or negative. Therefore, we have the following three
cases.

Casel: D >0
One can draw exactly three distinct normal lines to the parabolaHyom

Casell: D=0
First note that this means that the equation (4) has a repeated root of multiplicity
two or three. Supposet, is any root of equation (4). Let

F(t) = a® +t(2a — z,) — yo. Then f (t) = 3at® + (2a —x) and f (t) = 6at.
Hence, under the present cage, is a triple root of equation (4) if andgry (f
However,t; = 0 is a root of equation (4) if and onlyjf= 0. Also note that from
equation (5) thaty, =0 if and only ity = 2a. This discussion means that if
D =0, then equation (4) has a triple root if and onlyxi, y,) = (2¢,0). For all
other points(xg,y,) such thab =0 , the equation (4) has only two distinct real
roots, one with multiplicity one, and the other with multiplicity two.

The above discussion means that(ify, y,) = (2a, 0), then one can draw exactly
one normal line fromPy(zy,y,) to the parabola. On the other hand, if
(x0,Yy) # (2a,0) is such thatD = 0 , then one can draw exactly two distinct normal
lines fromP,(xzy,y,) to the parabola.

Caselll: D <0
One can draw exactly one normal line to the parabola fipm

The above three cases provide a necessary and sufficient condition on the
coordinates of poin?, in order that the number of normal lines ym  to the
parabola is either one, two or three.

In order to see the geometric significance of the above three cases, one needs to find
out for which points(z,y) on the plane, the quantitjay® + 4(2a — z)’ is
negative, zero or positive. Therefore, it is a good idea to draw the following two
graphs on the same set of axes:

y* = daz (6)



2 4 3
V= - —(20-q) (7)
As the following figure illustrates, the parabola given by equation (6) intersects the
semi cubical parabola given by equation (7) at exactly two pdints Band One can
simultaneously solve the equations (6) and (7) to obtain these points of intersection
asA(Sa, 4/2a) andB (8a, —41/2a). Also, observe that the vertex of the semi
cubical parabola is given lty(2a, 0).

Figure 2. Parabola and a semi-cubical parabola

One can imagine that the semi cubical parabola given by equation (7) divides the
XY plane into two regions. For any poiat,y)  to the right of the semi cubical
parabola27ay® +4(2a — x)> is negative, so from those points one can draw
exactly three normal line to the parabgfa=4axz . On the other hand, for any
point (z,y) to the left of the semi cubical parahdlday?® + 4(2a — z)° is positive,

so from those points one can only draw exactly one normal line to the parabola
y* = 4az. Also above case Il implies that for any poiaty) on the semi cubical
parabola other than the vert€X2q,0) , one can draw exactly two normal lines to
the parabola, while from the vertéx itself, one can only draw one normal line.

The following Mathematicaprogram draws all normal lines from a point in the plane
to a parabola.

Program 1

(* First, make sure to invoke the command <<Graphics ImplicitPlot™ *)
StylePrint["The Normal Lines Drawn From a Point on the Plane to a
Parabola”, "Text", FontSize->24, FontFamily->"Times",
FontColor->RGBColor[1,0,0], FontWeight->"Bold", TextAlignment->Center,
Background->RGBColor[0.9,0.75,0] ]
a="7?, x0="7?; y0 =7,
Which[27a*y0"2 + 4(2a - x0)*3 < 0,Print["Three normal lines"],

27a*y0"2 + 4(2a - x0)*3 > 0,Print["One normal line"],



27a*y0"2 + 4(2a - x0)"3 == 0 && {x0,y0} ! = {2a,0},

Print["Two normal lines"], {x0,y0}=={2a,0}, Print["One normal lines"] ]

r = Cases| t/. NSolve[a*t"3 + t(2a - x0) - yO == 0, t], x_/; Im[x] == 0],

ImplicitPlot[{ y"2 == 4a*x, 27a*y"2 == - 4(2a - x)"3}, {X, -1, Max[x0, 93] },
PlotStyle -> {{ RGBColor[0.7, 0, 0. 3] },{ RGBColor[0, 0.8, 0.1] } },
Epilog -> {{ RGBColor[1, 0, 0], PointSize[1/70], Point[{ x0, y0 }] },
{RGBColor[0, 0, 1], Table[Line[{ {xO, yO}, {a*[ [i]]*2,2ar[[i]]}} ]

{i,1, Length[r] } ]} }]

2. Special points on the parabola

The previous discussion implies that the poidsts Bnd  on the parabola are very
special - They are the only poinda  the parabola from which one can draw exactly
two normal lines each to the parabola itself. The following theorem partly reveals

the special nature of the poids  aBd

Theorem 1 Consider an arbitrary parabola and all the circles passing through its
vertexV , touching the parabola at a pdiht , and passing through a third)point  on
the parabola, wher& F add are all distinct, but arbitrary. Then only two such
circles will have PQQ as the endpoints of a diameter. One of these circles pass
through the fore mentioned poidt(Sa, 4/2a) on the parabola, while the other
passes through the poiBt(8a, — 4v/2a).

Proof Without loss of generality, one can take the equation of the parabola to be
y* = daz (8)

so that its verteX’ is the same as the origin The equation of any circle passing
throughO can be written as,

@® + ' +2gz+2fy =0 (9)

whereg andf are some real numbers. We are assuming that this circle touches the
parabola at a poinP and passes through another @oint , @hdéte , Q, and are
all distinct. By eliminatingy between the equations (8) and (9), one can easily see
that they -coordinates of the points of intersectiBns ¢and  are given by

y® + 160’y + 8agy + 32a*f =0 (10)

By considering the first derivative of the left hand side of equation (10) one notices
that any repeated root of equation (10) must satisfy

3y = — 8a(g + 2a) (11)



Recall that the solutions of equation (10) are nothing buthe -coordinates of the
points of intersectiol® an@ , and the circle touches the parabBla at and passes
through@. Therefore, one can write the solutions to equation (19) @s  y; and
wherey, =y, andy; # y;. Inother wordg, apgl areghe -coordinates of the
points P and@ respectively. Therefore, by considering the sum of the roots of
equation (10) one obtains that+y,+y; =2y;+y3 =0 , yieldigg= — 2y,.

However, since the center of the circle (9)(is g, — f) and siR¢g is a
diameter of the circle, one can write f = (y;+y3)/2 = — y;/2. Therefore,
y, = 2f. Plug this back into equatidn 11 to obtain

12f% = — 8a(g+2a) (12)

Also, since equation (10) has a repeated root, its discriminant must be zero. This
yields, using the method described immediately following equation (4),

27af? = — 2(g+ 2a)° (13)

Further note thay +2a # 0, for i+ 2a =0, then equation (12) implies that
f=20. This in turn will imply thaty = 0 is a solution of equation (10), which is a
contradiction. Sincg + 2a # 0, one can divide equation (12) by equation (13) to
obtain

9a* = (g4 2a)* (14)

The equation (14) implies thaf=a¢ @@= — 5a. However,git= q, then
equation (13) implies thaf cannot be real. So the only possibilify=s— 5a.

Then equation (13) will imply thaf = +a+/2. Therefore, there exists only two
circles with the given property: one is centered (&, a\/2), and the other
centered asa, — av/2).

For the first circle centered at —g, — f) = (5a, a\/2), one calculates

ys = — 2y, = —4f = 4a\/2, and z3 = y3/(4a) =8a.  So this circle passes
through the point4(8a, 4a+/2). Similarly, the circle centered (a&, — a+/2)
would pass through the poit(8a, —4a+/2). Hence the theorem. .

3. Concurrency of the normals

The next two theorems deal with the concurrency of normals at three distinct points
on a parabola (see also [9]).

Theorem 2 Let P, = (at?, 2at;),i = 1,2,3 be three distinct points on the parabola
v* = 4az. Then the following are equivalent.

. {1 +ta+i3 = 0.

Il . The normals to the parabola at the pofts: = 1,2,3 are concurrent.



[l . The circle through the point8,,i=1,2,3 pass through the vertex of the
parabola.

Proof We will showl <1l and «<lll

| <1

Supposel is true. The equation (1) implies that the slope of the normal line at
P. = (at?, 2at;)is equal to—t;, i = 1,2,3. Therefore, the equation of the normal
line at P; is given by, foi =1,2,3

ot; +y = 2at; + at’ (15)

Using Mathematicg one can easily obtain the points of intersection of the lines
corresponding to i=1 and= 2 as

P = (2a + at] + atity + at3, — atity — atit3). AnotherMathematica calculation
yields, P lies on the line at3 +y = 2at3 + at3 if and only if
a(ty —t3)(ts —to)(t; +12 +1t3) = 0. But this condition holds, since we are

assuming that, +t +t3 = 0. This provies= . Similarly, one can show that
I =l

I <1l

Supposd s true. Lef +y® +2¢x +2fy +c=0 be the equation of the circle
passing through the pointsP; = (at?, 2at;) i+ 1,2,3 . One can plug in the

coordinates of the point8;,  in the equation of the circle, to obtain 3 equations in the
unknownsg, f andc. Then one can uskthematica  to obtain the solutions
g= —ald+t +18 + 1 +tits +tats + t3t1)/2,

f = a(tl + tg)(tg + t3)(7f3 + tl)/4, and ¢ = — agtltgtg(tl + 10 + tg). Since we

are assuming thatt; +t +t3 =0, one obtains that 0. Therefore, the circle
2’ +y* +2gx +2fy +c=0 passes through the origin. This provess llI
The proof oflll =1 is similar. .

Theorem 3 Let P, = (at?, 2at;),i = 1,2,3 be any three distinct points on the
parabolay” = 4az such that the normals to the curv&at  are concurrent. Then
the point of concurrency is given By = (a(2 + 17 +tita +13), atita(t; +12)).
Further, the orthocenter of the triangte P and the circumcenter of the triangle
formed by the tangents aF, are equidistant from the axis of the parabola.
Moreover, the orthocenter of the triangle formed by the tangeils at  and the point
of concurrencyD are also equidistant from the axis of the parabola.

Proof The coordinates ab  were essentially obtained in the proof of the previous
theorem, immediately following equations (15).edadll that the orthocenter of any

triangle is the point of the concurrency of the perpendiculars drawn from the vertices
to opposite sides. Likewise the circumcenter is the point of concurrency of the



perpendicular bisectors of three sides. Hat @and be the orthocenter and the
circumcenter of the triangleP? P, Ps respectively, and K angl be the
orthocenter and the circumcenter of the triangle formed by the tangdnts at Using
Mathematicaand the relationshig; + ¢t.+t; = 0  one can establish that

Hy = (a( — 4 +1] +tits +13), atita(t; +13)/2) (16)
O = (a(4+ 1 +tity +13)/2, — atits(ty +12)/4) (17)
Hy = (—a, —atits(t; +12)) (18)

Oy = (—a( —1+1 +tits +13)/2, atita(t; +13)/2) (19)

Then one can observe that the poikfs énd have the ggame -coordinates.
Likewise the pointd) anél, have the samme -coordinates. Hence the thearem.

Next a crucial theorem of the paper: In some sense, it relates Theorem 2 to
Theorem 3.

Theorem 4 Consider a circle centered (@at, v) passing through the vertex of the
parabolay® = 4ax , and intersecting the parabola at three more distinct points
i =1,2,3 all distinct from the vertex. Then the normals at the paifts are

concurrent aff(2(u — a), 4v).

Proof The equation of the circle centeredatv) and passing through the vertex of
the parabola, which is the origin, can be written as

2+ 1yt — 2ur —2uy =0 (20)

One can write the point8 & (at?,2at;)  for some real parameteis- 1,2, 3.

Recall that the equations of the normal lines at the péints= 1,2, 3 are given by
equations (15). ThereforeZ(2(u — a),4v)  lies on those normal lines if and only if
the following holds for = 1,2,3 :

at? +4at; — 2ut, —4v =20 (22)

However, the pointsP; (at?,2at;) lie on the circle given by equation (20). Hence, a
direct substitution yields,

at;(at’ + 4at; — 2ut; — 4v) =0 (22)

for i=1,2,3. But, since,a#0 and; #0 foi=1,2,3, the equation (22)
implies equation (21). Therefore, the normal lines at the p&ints  are concurrent at
E(2(u—a),4v). Hence the theorem. .



Corollary Consider a poinPs(zg,y,) on the plane, the parabbla: 4ax ,and the
circle centered af'(a + x¢/2, y,/4) with radi€®C . Other than the odygin itself,
this circle can intersect the parabolaat zero, one, two or at most at three points. If
Pis any such point of intersection other than the origin, fhen is a normal to the
parabola atP. If the origin is the only point of intersection, tRgn  lies oXthe -
axis, and in this cas& -axis is the only normal figm  to the parabola.

Proof Follows from the previous theorems. The details are left to the reades.

The above corollary provides a beautiful geometric construction of all the normal
lines from a point in the plane to an arbitrary parabola:

Construction Consider any poinP on the plane and a parabola with iértex and
focusF . DrawP(@ perpendicular to the lihe throdgh &And , intersegting at
Q. Then find the pointk oPQ so th§R = PQ/4. Draw a lihke passing
throughR parallel t&’ F.  Find the poist &) suchti& =V F +VQ/2

Draw a perpendicular t'Q &t intersecting the dine C'at Then s the center
of the circle referred to in the previous corollary. Finally construct the circle
centered aC with radiulSV . In general, this circle intersects the parabola at three
more distinct pointP, 7 =1,2,3, other than the vertéx . THeR, PP, and

P P; are the required normals from poiit

AN

S

Figure 3. Construction of normals from a given point to a parabola
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